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ABSTRACT
The maximum weight perfect matching (MWPM) problem in bipar-

tite graphs has extensive applications in database, machine learning,

financial markets, quantum computing, and other data-intensive

domains, and serves as a general formulation of weighted matching

problems. The Hungarian algorithm is widely adopted for solving

bipartite MWPM, and substantial research efforts have focused on

improving its sequential time complexity. As data volumes grow and

real-time processing demands escalate, parallel solutions become

increasingly essential. However, efficient parallelization remains

highly nontrivial due to the algorithm’s intricate execution patterns,

inherently sequential data dependencies, frequent phase switching,

and the single-path-per-iteration search constraint.

These critical issues motivate us to develop X-Wim, a massively

parallel framework. It is built on a new phase-decoupled approach

that breaks the strong interleaving between algorithmic phases,

eliminates frequent global updates, enables concurrent search for

multiple disjoint paths, and incorporates an adaptive search strategy.

These algorithmic design efforts lead to substantial performance

gains, even in the single-threaded setting. Extensive experiments

on real-world datasets indicate that X-Wim surpasses state-of-the-

art baselines, achieving up to a 9.93x speedup with 1 core and up

to a 56.3x speedup with 8 cores. It also exhibits strong scalability.

In tests up to 96 cores, it achieves an average 1.70x speedup each

time the number of threads doubles. To the best of our knowledge,

X-Wim is the fastest solution for this class of graph algorithms.

PVLDB Artifact Availability:
The source code, data, and/or other artifacts have been made available at

https://github.com/Davis-Fan/X-Wim.git.

1 INTRODUCTION
Bipartite weighted matching is one of the most classical problems

in graph theory and has found wide-ranging applications across

diverse domains. Specifically, in machine learning, it is widely used

inmulti-object tracking [25, 106] and recommender systems [56, 77]

to obtain optimal allocations. In economics, it serves as a pivotal

tool for optimizing two-sided market [2, 79], job assignment [95],

and auction mechanisms [10, 100]. In database systems, it is applied

to schema linkage [13, 18] and rank aggregation [53]. Moreover,

on social platforms, bipartite weighted matching is employed in

partner recommendation [58, 113] and advertisement delivery [86,

128]. Recent advances in quantum computing [3, 57, 118] further

adopt weighted matching techniques for quantum error correction.

Beyond these, bipartite weighted matching also plays a crucial role

in robotics and health care, where it has been applied in multi-robot

coordination [27, 83, 98] and organ transplant programs [12, 127].

Amatching in a graph is a set of edges with no common vertices.

A perfect matching is a matching that covers all vertices of the graph.

The maximum weight perfect matching (MWPM) is a perfect match-

ing that maximizes the total weight. Figure 1 presents an example.

MWPMprovides a general formulation for weightedmatching prob-

lems because other variants, such as maximum weight matching

and minimum weight perfect matching, can be easily reduced to

MWPM by adding dummy vertices or negating weights.
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Figure 1: (a) shows a bipartite graph; (b) is a valid matching
(edges in the matching are shown in red); (c) shows a perfect
matching; (d) is the maximum weight perfect matching

Despite its broad applicability, solvingMWPM in bipartite graphs

remains computationally expensive due to its intricate execution

pattern and high time complexity. The Hungarian algorithm [71, 88]

is widely recognized as the first polynomial-time solution to the

bipartite MWPM problem and has since become the most widely

used approach in practice. The original algorithm has a time com-

plexity of 𝑂 ( |𝑉 |2 |𝐸 |), where |𝑉 | and |𝐸 | denote the vertex count

and the edge count, respectively. Over several decades, extensive

studies [7, 26, 50, 52] have concentrated on improving the sequen-

tial time complexity of the Hungarian algorithm by utilizing more

efficient data structures [41, 47, 65, 112] or exploiting special cases

[39, 99, 111]. As data scales, modern applications increasingly in-

volve graphs with millions or even billions of vertices and edges

[16, 28, 31, 97], making sequential execution infeasible for latency-

sensitive workloads. Hence, developing a fast and scalable parallel

framework for solving bipartite MWPM has become imperative.

However, parallelizing the computation of MWPM in bipartite

graphs is far from straightforward. The basic idea of the Hungarian

algorithm is to iteratively search for an augmenting path to increase

the current matching size while maintaining the optimality condi-

tions, until a perfect matching is obtained. In each iteration, it builds

https://github.com/Davis-Fan/X-Wim.git


a search tree and repeatedly switches between the primal search

phase and the dual label update phase (updating vertex labels) until

an augmenting path is found. Parallelizing this procedure is highly

nontrivial due to three fundamental challenges: (1) The search tree

expansion is inherently sequential. When expansion stalls, the al-

gorithm applies the smallest label update needed to enable the next

expansion step, so the search can only progress incrementally. (2)

The algorithm repeatedly switches between primal search and dual

label updates, yielding a strongly interleaved control flow. Each up-

date must be applied consistently before the search can continue, so

frequent dual phases form hard synchronization barriers and incur

significant overhead. (3) Each iteration finds only one augmenting

path, and successive iterations depend on the updated matching

and labels from the previous iteration, creating strong dependen-

cies and limiting scalability on large graphs. To the best of our

knowledge, there is still no parallel solver for MWPM on general

bipartite graphs. Existing parallel efforts [32, 60, 66, 82] primarily

target the linear assignment problem and parallelize execution only

within each phase, without systematically addressing these critical

issues, thereby becoming impractical at scale on general instances.

Motivated by these challenges, we develop a massively paral-

lel framework for solving MWPM in general bipartite graphs. We

first propose a new sequential phase-decoupled Hungarian algo-

rithm that breaks the data dependencies between primal search and

dual label updates and eliminates their strongly interleaved exe-

cution. The search tree expansion no longer depends on the label

update, avoiding strictly incremental search progress. Moreover,

each iteration performs a single primal search to find an augment-

ing path, followed by one dual phase that applies a consolidated

label update, removing repeated phase switching. This sequential

phase-decoupled algorithm reduces the overhead of frequent label

updates and, more importantly, exposes key opportunities for par-

allel computing. Building on this, we develop an efficient parallel

framework that concurrently finds multiple disjoint augmenting

paths within a single iteration, thereby exploiting large-scale paral-

lelism and reducing runtime by aggregating label updates across

multiple paths. In addition, we introduce an adaptive search strat-

egy that dynamically selects the search direction to mitigate path

conflicts, further improving primal search efficiency and delivering

substantial speedups. Our contributions are summarized as follows.

• We examine the intricate execution pattern of the Hungarian

algorithm, identify fundamental obstacles to parallelization,

and derive key insights from its primal–dual structure.

• We propose a sequential phase-decoupled Hungarian algo-

rithm that eliminates interleaved primal–dual execution and

removes repeated phase switching, exposing key opportunities

for parallelization. We provide a formal proof of correctness.

• We develop a parallel phase-decoupled Hungarian algorithm

that concurrently finds multiple disjoint augmenting paths to

exploit large-scale parallelism and incorporates an adaptive

search strategy for dynamically selecting the search direction.

• Taken together, we develop X-Wim, a massively parallel com-

putation framework for solving MWPM in general bipartite

graphs, implemented onmulticore processors. Extensive exper-

iments show that X-Wim consistently outperforms existing

solutions and exhibits excellent scalability. Compared with

state-of-the-art baselines, even the sequential version of X-

Wim achieves up to a 9.93x speedup on real-world datasets.

With 8 cores, X-Wim attains speedups of up to 53.6x. Scalabil-

ity tests up to 96 cores show that X-Wim delivers an average

speedup of 1.70x for each doubling of the thread count.

The paper is organized as follows. The MWPM problem and the

Hungarian algorithm are presented in §2. We identify challenges

and key insights in §3. The sequential phase-decoupled algorithm

is proposed in §4, and the parallel phase-decoupled framework is

presented in §5. Experimental results are shown in §6. We review

related work in §7 and summarize our contributions in §8.

2 BACKGROUND
2.1 Matching and Augmenting Path
A bipartite graph is a graph whose vertex set 𝑉 can be partitioned

into two disjoint sets, 𝐿 and 𝑅, such that every edge connects a

vertex in 𝐿 to one in 𝑅. A weighted bipartite graph is denoted by

𝐺 = (𝐿 ∪ 𝑅, 𝐸,𝑤), where𝑤 : 𝐸 → R assigns a weight to each edge.

A matching𝑀 is a set of edges such that no two edges share a

common vertex. Its size |𝑀 | is the number of edges in𝑀 . An edge is

matched if it belongs to𝑀 ; otherwise, it is unmatched. A vertex is

matched if it is incident to an edge in𝑀 , and unmatched otherwise.

An augmenting path is a path in the graph that alternates be-

tween unmatched and matched edges, with both endpoints being

unmatched vertices. Augmenting paths are essential for increasing

the matching size. By flipping all unmatched edges to matched and

all matched edges to unmatched along an augmenting path, the

two previously unmatched endpoints become matched, and a new

matching is obtained whose size is increased by one.
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Figure 2: A matching and an augmenting path. Red edges are
matched edges, and black edges are unmatched edges.

Figure 2(a) shows a weighted bipartite graph, and Figure 2(b) is a

valid matching𝑀 = {(𝑎, 𝑒)}, containing a single edge. In Figure 2(c),
the path (𝑐, 𝑒, 𝑎, 𝑑) is an augmenting path, as the edges (𝑐, 𝑒), (𝑒, 𝑎),
and (𝑎, 𝑑) alternate between being unmatched and matched, and

both endpoints 𝑐 and 𝑑 are unmatched. By flipping the unmatched

edges (𝑐, 𝑒) and (𝑎, 𝑑) to matched, and flipping the matched edge

(𝑒, 𝑎) to unmatched, the matching becomes 𝑀 = {(𝑐, 𝑒), (𝑎, 𝑑)},
increasing its size to 2, and both 𝑐 and 𝑑 become matched vertices.

2.2 MWPM in Bipartite Graphs
A perfect matching is a matching that covers all vertices. Given a

weighted bipartite graph, the maximum weight perfect matching

(MWPM) problem is to find a perfect matching that maximizes

the total weight

∑︁
𝑒∈𝑀 𝑤 (𝑒). The Hungarian algorithm [71, 88] is

widely recognized as the first polynomial-time method for solving

the MWPM problem in bipartite graphs and remains the most

2



widely used approach in practice. Its theoretical foundation is a

primal–dual framework that assigns a dual variable𝑦𝑖 (also referred

to as a label) to each vertex 𝑖 ∈ 𝑉 . A set of labels {𝑦𝑖 }𝑖∈𝑉 is said to be

feasible if 𝑦𝑢 +𝑦𝑣 ≥ 𝑤 (𝑢, 𝑣) for every edge (𝑢, 𝑣) ∈ 𝐸. An edge (𝑢, 𝑣)
is tight if 𝑦𝑢 + 𝑦𝑣 −𝑤 (𝑢, 𝑣) = 0. Under a feasible set of labels, the

equality graph is the subgraph of the original graph that contains

only tight edges. A fundamental fact is that if the equality graph

contains a perfect matching, then that matching is an MWPM of

the original graph [71, 88].
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Figure 3: A perfect matching in the equality graph is the
MWPM in the original graph

Figure 3(a) shows a bipartite graph 𝐺 and a feasible set of dual

labels {𝑦𝑖 }𝑖∈𝑉 . The edge (𝑎, 𝑑) is tight because 𝑦𝑎 + 𝑦𝑑 −𝑤 (𝑎, 𝑑) =
1 + 0 − 1 = 0. Similarly, the edges (𝑎, 𝑒), (𝑏, 𝑓 ), (𝑐, 𝑒), and (𝑐, 𝑓 ) are
tight. The equality graph𝐺 ′, which contains these five tight edges, is
shown in Figure 3(b). A perfect matching𝑀 ′ = {(𝑎,𝑑), (𝑏, 𝑓 ), (𝑐, 𝑒)}
can be found in𝐺 ′. This matching𝑀 ′ is thus the MWPM in𝐺 , with

a total weight of 9, as shown in Figure 3(c).

2.3 Execution Pattern in Hungarian Algorithm
The task of solving MWPM reduces to finding a perfect matching

in the equality graph. The main idea of the Hungarian algorithm is

to iteratively search for an augmenting path in the current equality

graph and augment the matching. Given a weighted bipartite graph,

the algorithm first initializes a feasible set of dual labels for all

vertices. For each vertex 𝑖 ∈ 𝐿, its dual label is set to the maximum

edge weight incident to 𝑖; for each vertex 𝑖 ∈ 𝑅, its dual label is

set to 0. This initialization satisfies label feasibility. The algorithm

then proceeds in iterations. In each iteration, it searches the current

equality graph for an augmenting path from an unmatched L-side

vertex to an unmatched R-side vertex; flipping edges along this

path increases the matching size by one and makes both endpoints

matched. The path search is implemented by growing a search tree

in the equality graph. If no augmenting path can be found, the

algorithm enters the dual phase and updates the labels to create

additional tight edges, thereby expanding the current equality graph

and enabling further tree growth.Within an iteration, the algorithm

repeatedly switches between the primal phase (path search) and

the dual phase (label update) until an augmenting path is found. It

terminates when all vertices are matched, i.e., a perfect matching is

obtained in the equality graph. The details are in Algorithm 1.

2.3.1 Primal Phase. Each iteration begins with the primal phase.

The algorithm selects an unmatched 𝐿-side vertex as the root and

builds a search tree in the equality graph using tight edges. The tree

grows by adding one unmatched tight edge and one matched tight

edge at each step (line 18); thus, all tree edges are tight. If the tree

reaches an unmatched 𝑅-side vertex via a tight edge, an augmenting

path is found (line 14). Flipping the matched and unmatched edges

along this path increases the matching size by one. If no augmenting

path is found and the tree can no longer be extended using tight

edges, the algorithm switches to the dual phase.

2.3.2 Dual Phase. In the dual phase, the algorithm updates the dual

labels of vertices in the current search tree to create additional tight

edges. For any edge (𝑢, 𝑣), the slack value is defined as 𝛿 (𝑢, 𝑣) =
𝑦𝑢 + 𝑦𝑣 −𝑤 (𝑢, 𝑣), which measures how far the edge is from being

tight. A frontier edge (𝑢, 𝑣) is an edge such that 𝑢 is an 𝐿-side vertex

in the tree and 𝑣 is an 𝑅-side vertex outside the tree. Let Δ be the

minimum slack value among all frontier edges. The algorithm then

decreases the labels of all 𝐿-side tree vertices by Δ and increases

the labels of all 𝑅-side tree vertices by Δ (lines 26-27). This update

maintains label feasibility and makes at least one new edge tight,

allowing the tree to expand. The algorithm then returns to the

primal phase to continue searching for an augmenting path.

Algorithm 1 The Hungarian Algorithm

Input: A weighted bipartite graph𝐺 = (𝐿 ∪ 𝑅, 𝐸, 𝑤 ) that admits a perfect matching

Output: A maximum weight perfect matching𝑀

1: 𝑀 ← ∅, 𝑦 ← Initialize-Dual-Labels ⊲ 𝑦𝑖 is the label of vertex 𝑖

2: for each unmatched 𝑖 ∈ 𝐿 do
3: 𝑃 ← Find-Augmenting-Path(𝐺 ,𝑀 , 𝑖 , 𝑦)

4: augment𝑀 with 𝑃 ⊲ flip edges along 𝑃

5: end for

6: procedure Find-Augmenting-Path(𝐺 ,𝑀 , 𝑖 , 𝑦)

7: construct a single-node tree rooted at 𝑖

8: 𝑆 ← {𝑖 };𝑇 ← ∅ ⊲ 𝑆 : 𝐿-side tree vertices;𝑇 : 𝑅-side tree vertices

9: while True do ⊲ repeated switching

10: E ← Get-Eligible-Tight-Edges(𝐺 , 𝑆 ,𝑇 , 𝑦)

11: while E ≠ ∅ do
12: select and remove an edge (𝑢, 𝑣) from E
13: if 𝑣 is unmatched then
14: return path(𝑖, . . . ,𝑢 ) + (𝑢, 𝑣)
15: else
16: 𝑥 ← the vertex matched with 𝑣 in𝑀

17: if 𝑥 ∉ 𝑆 then
18: add edges (𝑢, 𝑣) and (𝑣, 𝑥 ) to the tree

19: add 𝑣 to𝑇 and add 𝑥 to 𝑆

20: E ← Get-Eligible-Tight-Edges(𝐺 , 𝑆 ,𝑇 , 𝑦)

21: end if
22: end if
23: end while
24: ⊲ slack: 𝛿 (𝑢, 𝑣) = 𝑦𝑢 + 𝑦𝑣 − 𝑤 (𝑢, 𝑣)
25: Δ← min𝑢∈𝑆, 𝑣∈𝑅\𝑇 𝛿 (𝑢, 𝑣)
26: for each 𝑠 ∈ 𝑆 do 𝑦𝑠 ← 𝑦𝑠 − Δ
27: for each 𝑡 ∈ 𝑇 do 𝑦𝑡 ← 𝑦𝑡 + Δ
28: end while
29: end procedure

30: procedure Get-Eligible-Tight-Edges(𝐺 , 𝑆 ,𝑇 , 𝑦)

31: ⊲ 𝑢 is an 𝐿-side tree vertex; 𝑣 is an 𝑅-side vertex outside the tree

32: return { (𝑢, 𝑣) ∈ 𝐸 | 𝑢 ∈ 𝑆 , 𝑣 ∈ 𝑅 \𝑇 , 𝑦𝑢 + 𝑦𝑣 − 𝑤 (𝑢, 𝑣) = 0}
33: end procedure

primal

dual

Figure 4 illustrates an example. Initially,𝑀 is empty, and both 𝐿

and𝑅 contain three vertices. The 𝐿-side vertices are shown in yellow

and the 𝑅-side vertices in blue. Since the maximum edge weight

incident to 𝑎 is 4, its dual label is initialized to 𝑦𝑎 = 4. Similarly,

𝑦𝑏 = 4 and 𝑦𝑐 = 5, while all 𝑅-side labels are initialized to zero. The

algorithm then proceeds iteratively to search for augmenting paths.

In the first iteration, it enters the primal phase and selects the

unmatched 𝐿-side vertex 𝑎 as the root of the search tree. The edge

(𝑎, 𝑒) is tight and connects the root to the unmatched𝑅-side vertex 𝑒 ,

immediately forming an augmenting path (𝑎, 𝑒) of length 1 (a single
3



unmatched edge between two unmatched vertices). Flipping along

this path turns (𝑎, 𝑒) into a matched edge, resulting in𝑀 = {(𝑎, 𝑒)}.

Tree

Tree
4
4
5
0
0
0

1

4

4
3

5
3

Initialize dual labels

4 4 0

1

4

4
3

5
3

flip

4
4
5
0
0
0

1

4

4
3

5
3

4 4 0 4

3
1 3

0

1

4

4
3

5
3

flip

3
3
5
0
1
0

1

4

4
3

5
3

5 4 1 35-1 1+1 3-14-1

3 2 2

0 3

2+1 2-1

0+1

3-1

3-1

2 3 1

1 2

0

1

4

4
3

5
3

flip

1
2
2
0
3
1

1

4

4
3

5
3

4-1 0+1 4-1

Tree

Augmenting Path

Graph   

Figure 4: The execution pattern of the Hungarian algorithm
on a graph𝐺 . Each row shows one search iteration. Dual label
values are shown above vertices in the current search tree.

In the second iteration, it selects the next unmatched 𝐿-side ver-

tex 𝑏 as the root. The tree then expands by adding the unmatched

tight edge (𝑏, 𝑒) and the matched tight edge (𝑒, 𝑎), bringing 𝑎 into

the tree. At this point, the tree cannot be extended further using

tight edges, so the algorithm switches to the dual phase. The mini-

mum slack over frontier edges from the 𝐿-side tree vertices {𝑏, 𝑎}
to 𝑅-side vertices outside the tree is Δ =min{𝛿 (𝑏, 𝑓 ), 𝛿 (𝑎, 𝑑)} = 1.

Accordingly, it decreases the labels of the 𝐿-side tree vertices 𝑦𝑏
and 𝑦𝑎 by 1 and increases the label of the 𝑅-side tree vertex 𝑦𝑒 by 1.

Returning to the primal phase, the edge (𝑏, 𝑓 ) becomes tight; since

𝑓 is a unmatched 𝑅-side vertex, it forms an augmenting path (𝑏, 𝑓 ).
Flipping along this path yields𝑀 = {(𝑎, 𝑒), (𝑏, 𝑓 )}.

In the third iteration, it selects the final unmatched 𝐿-side vertex

𝑐 as the root. No tight edge is incident to 𝑐 , so it enters the dual

phase and performs a label update with Δ1 = 1. Returning to the

primal phase, edge (𝑐, 𝑒) becomes tight and is added to the tree,

followed by the matched edge (𝑒, 𝑎). When the tree becomes stuck

again, the algorithm switches back to the dual phase and performs a

second label update with Δ2 = 1. Back in the primal phase, the new

tight edge (𝑐, 𝑓 ) and the matched edge (𝑓 , 𝑏) are added. Again, no
tight edge can extend the tree, so the algorithm switches to the dual

phase a third time and performs a third update with Δ3 = 1, which

makes (𝑎, 𝑑) tight. This connects the tree to the unmatched 𝑅-side

vertex 𝑑 and yields the augmenting path (𝑐, 𝑒, 𝑎, 𝑑). Flipping along

this path obtains the perfect matching 𝑀 = {(𝑎, 𝑑), (𝑏, 𝑓 ), (𝑐, 𝑒)}
with total weight 9, which is the MWPM of 𝐺 .

3 CHALLENGES AND KEY INSIGHTS
3.1 Parallelization Challenges
As data volumes grow and graphs reach ever larger scales, the shift

from sequential execution to parallel processing is increasingly

necessary for computing MWPM in bipartite graphs. However, the

intricate execution pattern of the Hungarian algorithm impedes

parallelization and poses fundamental challenges in developing an

efficient parallel computation framework.

Challenge #1: The search tree expansion process is inherently

sequential. In the primal phase, the tree is built to find an augment-

ing path in the equality graph, so its expansion is restricted to tight

edges. When no eligible tight edges are available, the algorithm se-

lects the frontier edge with the minimum slack value and performs

a dual label update to make it tight, thereby enabling the next ex-

pansion. As a result, tree growth is incremental, and typically only

one frontier edge becomes tight. Each expansion depends on the

current minimum slack and the corresponding label update, which

enforces inherently sequential progress and limits parallelism.

Challenge #2: Repeated switching between the primal phase

and the dual phase induces a strongly interleaved control flow,

where execution in one phase depends on the outcome of the other.

Moreover, each dual phase acts as a hard synchronization barrier, as

the primal search can proceed only after the dual labels are updated

consistently. Frequent dual phases lead to significant computational

overhead, since each tree expansion step may require a label update

over all vertices in the tree.

Challenge #3: Only one augmenting path can be produced in

each search iteration, so the matching size increases by at most one

per iteration. Consequently, obtaining an MWPM in a graph with

millions of vertices requires millions of search iterations, and each

iteration depends on the updated matching and dual labels from

the previous iteration, creating strong data dependencies across

iterations. This single-path-per-iteration approach is inefficient at

scale and makes the algorithm time-consuming on large graphs.

These structural issues severely constrain scalable parallelization

of the Hungarian algorithm, and to the best of our knowledge, there

is still no parallel solver for MWPM on general bipartite graphs.

Existing parallel efforts [32, 60, 66, 82] instead focus on the linear

assignment problem (LAP), where the input is typically modeled

as a complete bipartite graph. These methods parallelize execution

only within each phase by expanding tight edges concurrently in

the primal phase and updating labels concurrently in the dual phase,

while leaving the interleaved primal–dual control flow unchanged

and retaining repeated phase switching, failing to expose sufficient

parallelism on general instances. The most recent parallel LAP

solver is HyLAC [66]. As shown in Figure 5, for a balanced random

bipartite graph with |𝐿 | = |𝑅 | = 20,000 and 1,000,000 edges, HyLAC

treats unspecified edges as zero-weight edges and is 9.2x slower

than the basic sequential Hungarian implementation. Moreover,

a time breakdown of the basic Hungarian method shows that, on

the same 40,000-vertex, 1,000,000-edge graph, frequent dual label

updates account for 56.1% of the total runtime, indicating that the

dual phase constitutes a major performance bottleneck.

Developing a fast and scalable parallel computation framework

for solving MWPM in general bipartite graphs requires systemati-

cally resolving all these critical issues. Although highly challenging,
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Figure 5: HyLAC [66] (RTX 3090 GPU) vs. Basic Hungarian
(the basic sequential implementation on CPU) on two ran-
dom graphs, with a runtime breakdown of Basic Hungarian.

first-principles thinking can help us uncover insights and reveal

opportunities embedded in these difficulties.

3.2 Tightness and Feasibility in Label Update
Role of Dual Phase: The essence of the dual phase is to create new
tight edges while preserving the tightness of existing tree edges, and
maintain label feasibility.

In the dual phase, Δ is set to the minimum slack value among

all frontier edges that connect an 𝐿-side tree vertex to an 𝑅-side

vertex outside the tree. To make a frontier edge tight, the label of

its 𝐿-side endpoint, which lies in the current tree, must decrease by

Δ. However, updating only that vertex could cause other existing

tree edges to become non-tight. Therefore, the algorithm applies a

coordinated update in which it decreases the labels of all 𝐿-side tree

vertices by Δ and increases the labels of all 𝑅-side tree vertices by Δ,
ensuring that all previously tight tree edges remain tight after the

update and the new tight edge can be added to the tree. Moreover,

the feasibility condition requires 𝑦𝑢 +𝑦𝑣 ≥ 𝑤 (𝑢, 𝑣) for all (𝑢, 𝑣) ∈ 𝐸.
In the dual phase, labels of 𝐿-side tree vertices decrease, reducing

𝑦𝑢 + 𝑦𝑣 on their incident edges. If the update step were larger

than the minimum slack, some 𝐿-side labels would decrease too

much, causing 𝑦𝑢 +𝑦𝑣 to fall below𝑤 (𝑢, 𝑣) on one or more frontier

edges and violating feasibility. Understanding the principles behind

augmenting path search and dual label update is essential for finding

the most effective way to parallelize the Hungarian algorithm.

4 PHASE-DECOUPLED METHOD
In this section, we propose a sequential phase-decoupled Hungarian

algorithm that breaks the fine-grained data dependencies induced

by the interleaved execution of the primal and dual phases and

eliminates repeated phase switching, thus addressing Challenge
#1 and Challenge #2 and providing an essential basis for the

parallel framework presented in the next section.

4.1 Sequential Phase-Decoupled Algorithm
Both Challenge #1 and Challenge #2 arise from the fine-grained

data dependencies in the interleaved execution of the primal and

dual phases. The primal search and dual label update are strongly

coupled. In the primal phase, the tree can expand only along tight

edges, and which frontier edges become tight depends on the label

update applied in the preceding dual phase. Conversely, the next

dual update value is determined by the current tree and its frontier,

since it is set by the minimum slack value over frontier edges. This

mechanism creates strong mutual dependencies between the two

phases, forcing the algorithm to repeatedly switch between tree

expansion and label update in a serialized manner within each

iteration, which impedes parallel execution.

To enable phase decoupling, it is crucial to examine the dual

phase in terms of its cumulative effect on vertex labels. In each dual

update, the labels of all 𝐿-side tree vertices decrease by Δ, while
the labels of all 𝑅-side tree vertices increase by Δ. Since the root
is an 𝐿-side vertex and remains in the tree throughout the search,

its label decreases in every dual phase. Consequently, within one

search iteration, the root’s total decrease equals the sum of the Δ
values over all dual phases in that iteration. More generally, for any

𝐿-side tree vertex, its label decreases by the cumulative sum of Δ
values from the time it is added to the tree until the end of iteration.

These findings lead us to develop a sequential phase-decoupled

Hungarian algorithm (Algorithm 2) that separates the primal search

from the dual label update and removes the interleaved primal–dual

execution flow. In each iteration, the phase-decoupled algorithm

performs exactly one primal phase to search an augmenting path,

followed by a single dual label update that applies the consolidated

changes, without repeatedly switching between the two phases.

In the primal phase, it still builds a search tree from an unmatched

𝐿-side vertex. However, tree expansion is no longer restricted to

tight edges but may proceed along all edges, including non-tight

edges with positive slack. Each tree vertex maintains an accumu-

lated slack value that represents the sum of edge slack values along

the path from the root to that vertex. At each expansion step, the

tree grows by adding one unmatched edge followed by one matched

edge. If an expansion reveals a path with smaller accumulated slack

to a vertex already in the tree, the vertex is reparented to the new

predecessor and its accumulated slack is updated accordingly (lines

20-22). If an unmatched edge connects an 𝐿-side tree vertex to an

unmatched 𝑅-side vertex, an augmenting path is obtained, and the

total accumulated slack along this path is recorded (lines 15-17).

If multiple augmenting paths are discovered, the algorithm keeps

only the one with the minimum total accumulated slack. The tree

expansion continues until every branch in the tree has accumulated

slack greater than this minimum value, ensuring that all vertices

reachable within the current slack threshold have been explored.

When the primal phase finishes, the algorithm enters the dual

phase to update vertex labels. For each 𝐿-side tree vertex, its dual

label is decreased by the gap between the augmenting path slack and

its current accumulated slack; similarly, for each 𝑅-side tree vertex,

its dual label is increased by the same gap (line 32). This consolidated

update restores the tightness for tree edges and maintains label

feasibility. The algorithm then returns the augmenting path, applies

it to increase the matching size, and continues to the next iteration.

It terminates when no unmatched 𝐿-side vertex remains.

Figure 6 shows the same example as the third row of Figure 4

and illustrates the execution of the phase-decoupled algorithm. The

algorithm selects 𝑐 as the root to build a search tree. It then expands

two new branches together, one via the unmatched edge (𝑐, 𝑒) and
the matched edge (𝑒, 𝑎), and the other via the unmatched edge (𝑐, 𝑓 )
and the matched edge (𝑓 , 𝑏). The two unmatched edges have slacks

𝛿 (𝑐, 𝑒) = 𝑦𝑐 + 𝑦𝑒 −𝑤 (𝑐, 𝑒) = 1 and 𝛿 (𝑐, 𝑓 ) = 𝑦𝑐 + 𝑦𝑓 −𝑤 (𝑐, 𝑓 ) = 2,

as annotated in the figure. Matched edges are tight and have zero
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Algorithm 2 The Sequential Phase-Decoupled Hungarian Algorithm

Input: A weighted bipartite graph𝐺 = (𝐿 ∪ 𝑅, 𝐸, 𝑤 ) that admits a perfect matching

Output: A maximum weight perfect matching𝑀

1: 𝑀 ← ∅, 𝑦 ← Initialize-Dual-Labels

2: for each unmatched 𝑖 ∈ 𝐿 do
3: 𝑃 ← Phase-Decoupled-Find-Augmenting-Path(𝐺 ,𝑀 , 𝑖 , 𝑦)

4: augment𝑀 with 𝑃

5: end for

6: procedure Phase-Decoupled-Find-Augmenting-Path(𝐺 ,𝑀 , 𝑖 , 𝑦)

7: construct a single-node tree rooted at 𝑖

8: q1 ← {𝑖 }; q2 ← ∅ ⊲ frontier set

9: accSlack[ · ] ← ∞; accSlack[i] ← 0 ⊲ min accumulated slack from root

10: 𝜏 ←∞ ⊲ total slacks on augmenting path

11: while q1 ≠ ∅ do ⊲ primal

12: for each unmatched edge (𝑢, 𝑣) with 𝑢 ∈ q1 do
13: newSlack ← accSlack[𝑢 ] + 𝑦𝑢 + 𝑦𝑣 − 𝑤 (𝑢, 𝑣) ⊲ tentative slack

14: if newSlack ≤ 𝜏 then
15: if 𝑣 is unmatched then ⊲ augmenting path

16: set the parent of 𝑣 to 𝑢

17: 𝜏 ← newSlack; accSlack[𝑣]← newSlack; 𝑃 ← path(𝑖, . . . , 𝑣)

18: else
19: 𝑥 ← the vertex matched with 𝑣 in𝑀

20: if newSlack < accSlack[𝑣 ] then
21: set the parent of 𝑣 to 𝑢 and the parent of 𝑥 to 𝑣

22: accSlack[𝑣], accSlack[x]← newSlack; add 𝑥 to q2
23: end if
24: end if
25: end if
26: end for
27: q1 ← q2 ; q2 ← ∅
28: end while
29: for each vertex 𝑧 in the tree do ⊲ dual

30: Δ← 𝜏 − accSlack[z]
31: if Δ < 0 then delete 𝑧 from the tree continue
32: if 𝑧 ∈ 𝐿 then 𝑦𝑧 ← 𝑦𝑧 − Δ else 𝑦𝑧 ← 𝑦𝑧 + Δ
33: end for
34: return 𝑃

35: end procedure

Tree
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Figure 6: The execution of the phase-decoupled algorithm
that eliminates the primal–dual interleaving

slack, so the slacks of (𝑒, 𝑎) and (𝑓 , 𝑏) are omitted. The algorithm

maintains an accumulated slack accSlack[𝑣] for each tree vertex

𝑣 , defined as the sum of slacks along the tree path from the root

to 𝑣 . Hence, accSlack[𝑒] = accSlack[𝑎] = 1 and accSlack[𝑓 ] =

accSlack[𝑏] = 2. In the next expansion, the unmatched edge (𝑎, 𝑑)
connects the 𝐿-side tree vertex 𝑎 to an unmatched 𝑅-side vertex 𝑑

with 𝛿 (𝑎, 𝑑) = 2, giving accSlack[𝑑] = accSlack[𝑎] +𝛿 (𝑎, 𝑑) = 3. An

augmenting path (𝑐, 𝑒, 𝑎, 𝑑) is thus found, with total accumulated

slack along this path 𝜏 = 3. The algorithm then performs a single

dual update for each tree vertex based on the gap 𝜏 − accSlack[𝑣].
For example, 𝑎 is an 𝐿-side tree vertex, so 𝑦𝑎 is decreased by 𝜏 −
accSlack[𝑎] = 2, while 𝑒 is an 𝑅-side tree vertex, so 𝑦𝑒 is increased

by 𝜏 − accSlack[𝑒] = 2. This produces the same final labels as the

corresponding update in Figure 4.

4.2 Correctness and Complexity
Lemma 1. The dual label update in the phase-decoupled Hungarian
algorithm makes every edge in the search tree tight.

Tree

Figure 7: A search tree 𝑇 rooted at an unmatched vertex 𝑢1

Proof. Let 𝑇 be a search tree rooted at an unmatched 𝐿-side

vertex 𝑢1. Consider an arbitrary unmatched tree edge (𝑢𝑖 , 𝑣𝑖 ) ∈ 𝑇
with 𝑢𝑖 ∈ 𝐿 and 𝑣𝑖 ∈ 𝑅. Let (𝑣𝑖 , 𝑢𝑖+1) ∈ 𝑇 be the matched edge

incident to 𝑣𝑖 , where 𝑢𝑖+1 ∈ 𝐿 is the subsequent tree vertex. Let 𝛿𝑖
denote the slack of edge (𝑢𝑖 , 𝑣𝑖 ), i.e.,

𝛿𝑖 = 𝛿 (𝑢𝑖 , 𝑣𝑖 ) = 𝑦𝑢𝑖 + 𝑦𝑣𝑖 −𝑤 (𝑢𝑖 , 𝑣𝑖 )
and the matched edge (𝑣𝑖 , 𝑢𝑖+1) is tight under the current dual labels

𝛿 (𝑣𝑖 , 𝑢𝑖+1) = 𝑦𝑣𝑖 + 𝑦𝑢𝑖+1 −𝑤 (𝑣𝑖 , 𝑢𝑖+1) = 0

Let 𝜏 denote the total slack value along the augmenting path found

in the primal phase. When the algorithm enters the dual phase, it

decreases the label of each 𝐿-side tree vertex by the gap between

𝜏 and its accumulated slack, and increases the label of each 𝑅-side

tree vertex by the same gap. After the update, the labels will be

𝑦′𝑢𝑖 = 𝑦𝑢𝑖 −
(︂
𝜏−

𝑖−1∑︂
𝑘=1

𝛿𝑘

)︂
, 𝑦′𝑣𝑖 = 𝑦𝑣𝑖+

(︂
𝜏−

𝑖∑︂
𝑘=1

𝛿𝑘

)︂
, 𝑦′𝑢𝑖+1 = 𝑦𝑢𝑖+1−

(︂
𝜏−

𝑖∑︂
𝑘=1

𝛿𝑘

)︂
The slack of the unmatched edge (𝑢𝑖 , 𝑣𝑖 ) becomes

𝑦′𝑢𝑖 + 𝑦
′
𝑣𝑖
− 𝑤 (𝑢𝑖 , 𝑣𝑖 ) = (𝑦𝑢𝑖 + 𝑦𝑣𝑖 − 𝑤 (𝑢𝑖 , 𝑣𝑖 ) ) +

𝑖−1∑︂
𝑘=1

𝛿𝑘 −
𝑖∑︂

𝑘=1

𝛿𝑘 = 0

The slack of the matched edge (𝑣𝑖 , 𝑢𝑖+1) becomes

𝑦′𝑣𝑖 + 𝑦
′
𝑢𝑖+1 −𝑤 (𝑣𝑖 , 𝑢𝑖+1) = (𝑦𝑣𝑖 + 𝑦𝑢𝑖+1 −𝑤 (𝑣𝑖 , 𝑢𝑖+1)) = 0

Thus, every edge in 𝑇 is tight and Lemma 1 is proved. □

Lemma 2. The dual label update in the phase-decoupled Hungarian
algorithm maintains label feasibility.

Tree

Figure 8: A search tree 𝑇 and 𝑝 is an vertex outside 𝑇

Proof. Label feasibility requires 𝑦𝑢 + 𝑦𝑣 ≥ 𝑤 (𝑢, 𝑣) for every
edge (𝑢, 𝑣) ∈ 𝐸, i.e., 𝛿 (𝑢, 𝑣) ≥ 0. In the dual update, the labels of

𝑅-side tree vertices are increased; therefore, the feasibility condition

on edges incident to these vertices cannot be violated. Moreover, by

Lemma 1, all edges in the tree are tight after the update. Therefore,

it suffices to consider edges outside the tree that are incident to

𝐿-side tree vertices, since only their labels are decreased.
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Let 𝑇 be a search tree, and let (𝑢𝑖 , 𝑣𝑖 ) be an arbitrary unmatched

tree edge in 𝑇 , where 𝑢𝑖 ∈ 𝐿 and 𝑣𝑖 ∈ 𝑅. Let 𝜏 denote the total

slack along the augmenting path found in the primal phase. Let 𝑝

be an arbitrary 𝑅-side vertex outside the tree such that (𝑢𝑖 , 𝑝) ∉ 𝑇 ,
and let 𝛿𝑝 denote its slack. In the primal phase, the tree contains

all vertices reachable from the root with an accumulated slack no

greater than 𝜏 . Since 𝑝 ∉ 𝑇 , its accumulated slack must exceed 𝜏 :∑︁𝑖−1
𝑘=1

𝛿𝑘 + 𝛿𝑝 > 𝜏 . After the dual update, the label of 𝑢𝑖 becomes

𝑦′𝑢𝑖 = 𝑦𝑢𝑖 −
(︂
𝜏 −

𝑖−1∑︂
𝑘=1

𝛿𝑘

)︂
and 𝑦𝑝 is unchanged, so the slack of edge (𝑢𝑖 , 𝑝) after the update is

𝑦′𝑢𝑖 +𝑦𝑝−𝑤 (𝑢𝑖 , 𝑝 ) = 𝑦𝑢𝑖 +𝑦𝑝−𝑤 (𝑢𝑖 , 𝑝 )−
(︂
𝜏−

𝑖−1∑︂
𝑘=1

𝛿𝑘

)︂
= 𝛿𝑝−𝜏+

𝑖−1∑︂
𝑘=1

𝛿𝑘 > 0

Thus, all edges remain feasible and Lemma 2 is proved. □

Theorem 1. For any bipartite graph that admits a perfect matching,
the phase-decoupled Hungarian algorithm returns an MWPM.

Proof. The phase-decoupled algorithm repeatedly finds aug-

menting paths and updates the matching until no unmatched ver-

tices remain. Hence, it returns a perfect matching𝑀∗. By Lemma 1,

the dual update makes all tree edges tight, including the edges on

the augmenting path; hence all matched edges created by flipping

along the path are tight. By Lemma 2, the dual update maintains

label feasibility, i.e., 𝑦𝑢 + 𝑦𝑣 ≥ 𝑤 (𝑢, 𝑣) for all (𝑢, 𝑣) ∈ 𝐸 through-

out the algorithm. Because the labels are feasible, for any existing

perfect matching𝑀 , we have∑︂
(𝑢,𝑣) ∈𝑀

𝑤 (𝑢, 𝑣) ≤
∑︂
(𝑢,𝑣) ∈𝑀

(𝑦𝑢 + 𝑦𝑣) =
∑︂
𝑢∈𝐿

𝑦𝑢 +
∑︂
𝑣∈𝑅

𝑦𝑣 .

Moreover, every edge in𝑀∗ is tight, so the total weight of𝑀∗ is∑︂
(𝑢,𝑣) ∈𝑀∗

𝑤 (𝑢, 𝑣) =
∑︂

(𝑢,𝑣) ∈𝑀∗
(𝑦𝑢 + 𝑦𝑣) =

∑︂
𝑢∈𝐿

𝑦𝑢 +
∑︂
𝑣∈𝑅

𝑦𝑣 .

Hence𝑀∗ attains the maximum possible weight among all perfect

matchings, i.e.,𝑀∗ is an MWPM. □

The worst-case running time complexity of the sequential phase-

decoupled Hungarian algorithm is 𝑂 ( |𝑉 |2 |𝐸 |). Each iteration finds

one augmenting path and increases the matching size by one, so

the algorithm performs |𝑉 |/2 iterations in total. Every iteration

consists of one primal phase and one dual phase. In the primal phase,

the algorithm grows a search tree and maintains the accumulated

slack for each tree vertex. A vertex may be inserted into the frontier

multiple times in theworst case, so the primal phasemay examine at

most𝑂 ( |𝑉 | |𝐸 |) edges, with𝑂 (1) cost per edge. The dual phase scans
all tree vertices and updates their labels in 𝑂 ( |𝑉 |) time. Therefore,

the total running time is |𝑉 |/2 ·
(︁
𝑂 ( |𝑉 | |𝐸 |) +𝑂 ( |𝑉 |)

)︁
=𝑂 ( |𝑉 |2 |𝐸 |).

The sequential phase-decoupled algorithm serves as a crucial

foundation for the subsequent parallel framework. By decoupling

the primal search from the dual label update, it removes the inter-

leaved primal–dual execution that drives the algorithm’s inherently

sequential control flow. In the primal phase, the tree is allowed to ex-

pand beyond tight edges. This relaxation removes the incremental

expansion pattern and thus resolves Challenge #1. Also, the algo-

rithm avoids repeated phase switching and performs only one dual

label update per path, thereby addressing Challenge #2. In practice,

this phase decoupling delivers consistent performance gains. More

importantly, it breaks the intertwined primal–dual dependencies

and exposes the key opportunities for parallel execution.

5 PARALLEL FRAMEWORK
We then extend the above sequential algorithm to obtain a parallel

phase-decoupled Hungarian algorithm that can concurrently find

multiple disjoint augmenting paths in a single iteration to tackle

Challenge #3. Moreover, it incorporates an adaptive strategy that

dynamically changes the search direction to mitigate path conflicts,

yielding significant additional speedups.

5.1 Parallel Phase-Decoupled Algorithm
Challenge #3 stems from the fact that each iteration can return only

one augmenting path, making the search inefficient and incurring

substantial overhead, especially on large graphs. In addition, up-

dating the matching and dual labels after each search introduces

strong dependencies across iterations, which complicates efforts to

exploit parallelism.With the primal search and the dual label update

already decoupled, we gain the essential flexibility to search for

multiple augmenting paths in parallel and, at the end of each search

iteration, apply a single label update to maintain label feasibility.

We propose a parallel phase-decoupled Hungarian algorithm (Al-

gorithm 3) that enables finding multiple disjoint augmenting paths

within a search iteration. The key idea is to build multiple trees

rooted at different unmatched 𝐿-side vertices in parallel, and then

search for an augmenting path in each tree concurrently. To ensure

that the returned augmenting paths are disjoint, we introduce an

efficient synchronization mechanism to resolve conflicts among

concurrent searches. After a batch of disjoint augmenting paths is

obtained, the algorithm performs a parallel dual label update over

all trees to adjust vertex labels and maintain label feasibility.

Compared with the sequential phase-decoupled algorithm, each

search iteration now returns a batch of disjoint augmenting paths

(line 33), and the algorithm executes a single dual phase per batch

rather than per path (line 36). This optimization is independent

of parallel execution. Even in a single-thread setting, multi-path

batching can substantially reduce dual label update overhead.

5.2 Disjoint Paths and Concurrent Label Update
When multiple augmenting paths are found in one iteration, only

disjoint paths can be applied together because augmenting along

overlapping paths would result in an invalid matching. Theorem 2

implies an additional advantage of the parallel phase-decoupled

algorithm: any two augmenting paths found in the current iteration

are either disjoint or share the same endpoint. This means that

disjointness can be verified by comparing only the endpoints of the

paths, instead of scanning all vertices on each path.

Theorem 2. In the parallel phase-decoupled Hungarian algorithm,
if two augmenting paths found in the current iteration are not disjoint,
then they must share the same unmatched endpoint.

Proof. Let 𝑃𝑎 = (𝑎, . . . , 𝑝, . . . ,𝑚) denote the augmenting path

found by the search tree rooted at 𝑎, where𝑚 is the unmatched

endpoint and 𝑃𝑎 has the minimum total slack 𝜏𝑎 . We claim that𝑚
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Algorithm 3 The Parallel Phase-Decoupled Hungarian Algorithm

Input: A weighted bipartite graph𝐺 = (𝐿 ∪ 𝑅, 𝐸, 𝑤 ) that admits a perfect matching

Output: A maximum weight perfect matching𝑀

1: 𝑀 ← ∅, 𝑦 ← Initialize-Dual-Labels

2: while𝑀 is not perfect do
3: 𝑃total ← Parallel-Phase-Decoupled-Find-Augmenting-Path(𝐺 ,𝑀 , 𝑦)

4: augment𝑀 with all paths in 𝑃total
5: end while

6: procedure Parallel-Phase-Decoupled-Find-Augmenting-Path(𝐺 ,𝑀 , 𝑦)

7: I ← { 𝑖 ∈ 𝐿 | 𝑖 is unmatched}
8: parallel for each 𝑖 ∈ I do ⊲ multiple trees concurrently

9: construct a single-node tree𝑇𝑖 rooted at 𝑖

10: 𝑞1,𝑖 ← {𝑖 }; 𝑞2,𝑖 ← ∅ ⊲ frontiers for𝑇𝑖
11: accSlack𝑖 [ · ] ← ∞; 𝜏𝑖 ←∞; accSlack𝑖 [𝑖 ] ← 0; end𝑖 ←∞
12: while q1,i ≠ ∅ do
13: for each unmatched edge (𝑢, 𝑣) with 𝑢 ∈ q1,i do
14: newSlack ← accSlack𝑖 [𝑢 ] + 𝑦𝑢 + 𝑦𝑣 − 𝑤 (𝑢, 𝑣)
15: if newSlack ≤ 𝜏𝑖 then
16: if 𝑣 is unmatched then
17: set the parent of 𝑣 to 𝑢 in𝑇𝑖 ; accSlack𝑖 [𝑣 ] ← newSlack
18: if newSlack < 𝜏𝑖 ∨ (newSlack = 𝜏𝑖 ∧ 𝑣 < end𝑖 ) then
19: 𝜏𝑖 ← newSlack; end𝑖 ← 𝑣 ⊲ break ties

20: end if
21: else
22: 𝑥 ← the vertex matched with 𝑣 in𝑀

23: if newSlack < accSlack𝑖 [𝑣 ] then
24: set the parent of 𝑣 to 𝑢 and the parent of 𝑥 to 𝑣 in𝑇𝑖
25: accSlack𝑖 [𝑣], accSlack𝑖 [x]← newSlack; add 𝑥 to q2,i
26: end if
27: end if
28: end if
29: end for
30: q1,i ← q2,i ; q2,i ← ∅
31: end while
32: if end𝑖 ≠ ∞ then
33: 𝑃𝑖 ← Parallel-Disjoint-AugPath(𝑇𝑖 , end𝑖 ); add 𝑃𝑖 to 𝑃total
34: end if
35: end parallel for
36: Parallel-Dual-Label-Update({𝑇𝑖 }𝑖∈I , {𝜏𝑖 }𝑖∈I , {accSlack𝑖 [ · ]}𝑖∈I , 𝑦)
37: return 𝑃total
38: end procedure

is the unmatched endpoint reachable from 𝑝 that minimizes the ac-

cumulated slack among all unmatched endpoints. Otherwise, there

would exist another unmatched endpoint 𝑟 and a suffix (𝑝, . . . , 𝑟 )
with smaller accumulated slack than (𝑝, . . . ,𝑚) in 𝑃𝑎 . Splicing this

suffix onto the prefix (𝑎, . . . , 𝑝) would form an augmenting path

with its total slack smaller than 𝜏𝑎 , a contradiction. Thus,𝑚 is the

unmatched endpoint with the minimum accumulated slack reach-

able from 𝑝 . Now let 𝑃𝑏 = (𝑏, . . . , 𝑝, . . . , 𝑛) be another augmenting

path that intersects 𝑃𝑎 at 𝑝 . Applying the same splicing argument to

𝑃𝑏 shows that 𝑛 is also the unmatched endpoint with the minimum

accumulated slack reachable from 𝑝 . By the algorithm’s determin-

istic tie-breaking rule,𝑚 = 𝑛, completing the proof. □

We thus design an efficient synchronization mechanism for all

search trees (Algorithm 4). Each unmatched vertex maintains an

atomic flag that records whether it has already been claimed as

an augmenting path endpoint. During the parallel search, when

a thread discovers an augmenting path ending at an unmatched

vertex, it attempts to claim the endpoint via an atomic Compare-

And-Swap (CAS) operation (line 3). A successful CAS guarantees

exclusive ownership of that endpoint and prevents other trees from

returning a conflicting augmenting path. The mechanism is lock-

free, and no thread blocks. Upon a failed CAS attempt, the thread

discards the candidate path and continues searching in other trees.

Algorithm 4 Find Multiple Disjoint Augmenting Paths in Parallel

1: select_endpoint[·]← 0 ⊲ initialize atomic array to 0

2: procedure Parallel-Disjoint-AugPath(𝑇𝑖 , end𝑖 )
3: if atomicCAS(select_endpoint[end𝑖 ], 0, 1) = 0 then
4: return path(𝑖, ..., end𝑖 ) on𝑇𝑖
5: end if
6: return ∅
7: end procedure

Another difficulty is data races during dual label updates. All

search trees are built in parallel, so different trees may overlap

and share common branches. For a vertex that appears in multiple

trees, each tree may propose a different update to its dual label. By

Theorem 3, maintaining label feasibility requires resolving these

conflicts via a maximum rule. For any shared 𝑅-side vertex, its label

must increase by the maximum value proposed by the overlapping

trees. Similarly, for any shared 𝐿-side vertex, its label must decrease

by the maximum value, as shown in Algorithm 5.

Theorem 3. When multiple search trees overlap, maintaining label
feasibility requires applying the maximum update amount proposed
by these trees at each shared vertex.

Figure 9: Two search trees share a common branch (𝑝, 𝑞, · · · )

Proof. Let 𝑇𝑎 and 𝑇𝑏 be two search trees that share a common

branch (𝑝, 𝑞, . . .), where 𝑝 ∈ 𝑅 and 𝑞 ∈ 𝐿. Let 𝑘 be the parent of

𝑝 in 𝑇𝑎 and 𝑙 be the parent of 𝑝 in 𝑇𝑏 . Let 𝑦
′
𝑝,𝑎 and 𝑦′

𝑝,𝑏
denote the

label values for 𝑝 after applying only the update induced by 𝑇𝑎
and 𝑇𝑏 , respectively. Then (𝑘, 𝑝) is tight under 𝑇𝑎 , i.e., 𝑦′𝑘 + 𝑦

′
𝑝,𝑎 =

𝑤 (𝑘, 𝑝), and (𝑙, 𝑝) is tight under𝑇𝑏 , i.e., 𝑦′𝑙 +𝑦
′
𝑝,𝑏

=𝑤 (𝑙, 𝑝). Assume

𝑦′𝑝,𝑎 < 𝑦′
𝑝,𝑏

. If we set the final label to 𝑦′𝑝 = 𝑦′𝑝,𝑎 while keeping 𝑦′
𝑙
as

produced by 𝑇𝑏 , then the slack of (𝑙, 𝑝) becomes

𝑦′
𝑙
+ 𝑦′𝑝 −𝑤 (𝑙, 𝑝) = 𝑦′

𝑙
+ 𝑦′𝑝,𝑎 −𝑤 (𝑙, 𝑝) < 𝑦′

𝑙
+ 𝑦′

𝑝,𝑏
−𝑤 (𝑙, 𝑝) = 0,

which violates the feasibility condition. Therefore, at any shared 𝑅-

side vertex, the final label must take the maximum value proposed

by the overlapping trees, e.g., 𝑦′𝑝 = max{𝑦′𝑝,𝑎, 𝑦′𝑝,𝑏 }. Moreover, to

keep the overlap edges tight in the tree proposing this maximum

amount, the shared 𝐿-side vertices on the overlap branch must be

decreased by the same maximum update magnitude. □

Algorithm 5 Update Dual Labels in Parallel

1: procedure Parallel-Dual-Label-Update({𝑇𝑖 }𝑖∈I , {𝜏𝑖 }𝑖∈I , {accSlack𝑖 [ · ]}𝑖∈I , 𝑦)
2: shift [ · ] ← 0 ⊲ label update for each vertex

3: parallel for each vertex 𝑧 in each tree𝑇𝑖 do
4: Δ← 𝜏𝑖 − accSlack𝑖 [𝑧 ]
5: if Δ > 0 then shift [z] ← Max(shift [z],Δ) ⊲ aggregate Δ over trees

6: end parallel for
7: parallel for each vertex 𝑣 in the forest

⋃︁
𝑖∈I 𝑇𝑖 do

8: if 𝑣 ∈ 𝐿 then 𝑦𝑣 ← 𝑦𝑣 − shift [v ] else 𝑦𝑣 ← 𝑦𝑣 + shift [v ]
9: end parallel for
10: end procedure
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The parallel phase-decoupled algorithm does not introduce any

additional steps with higher asymptotic cost so its work complexity

remains 𝑂 ( |𝑉 |2 |𝐸 |). Let 𝑝 be the number of processors and let 𝑐 be

the cost of a single atomic CAS. Both the primal and dual phases

are parallelized, and each vertex performs at most one atomic CAS,

so the overall parallel running time is 𝑂 ( |𝑉 |
2 |𝐸 |
𝑝
+ 𝑐 |𝑉 |).

5.3 Adaptive Search
The algorithm performance is dominated by how many disjoint

augmenting paths it can find per iteration. In the current implemen-

tation, each iteration grows trees from unmatched 𝐿-side vertices

and searches for augmenting paths that end at unmatched 𝑅-side

vertices (𝐿 → 𝑅). A key insight is that the bipartition (𝐿, 𝑅) is sym-

metric, so we can reverse the search direction and grow trees from

unmatched 𝑅-side vertices toward unmatched 𝐿-side endpoints

(𝑅 → 𝐿), without changing the search or label update rules.

Search from       Search from       

4
4
5
0
0
0

1

4

4
3

5
3

Graph    only 1 path can be applied 3 valid disjoint paths

Figure 10: Search trees rooted at unmatched 𝑅-side vertices
find three disjoint augmenting paths in one iteration

Figure 10 illustrates the same example as Figure 4. If we growmul-

tiple trees from the unmatched 𝐿-side vertices 𝑎, 𝑏, and 𝑐 , the search

returns three augmenting paths (𝑎, 𝑒), (𝑏, 𝑒), and (𝑐, 𝑒). However,
only one can be applied because all three share the same endpoint

𝑒 . In contrast, if we grow trees from the unmatched 𝑅-side vertices

𝑑 , 𝑒 , and 𝑓 , each tree finds an augmenting path, and the resulting

paths (𝑑, 𝑎), (𝑒, 𝑐), and (𝑓 , 𝑏) are disjoint. They can thus be applied

together, increasing the matching size by 3 in a single iteration.

Building on this, we develop an adaptive search strategy that

dynamically selects the search direction to mitigate path conflicts.

We define the search efficiency 𝜂 as the number of disjoint augment-

ing paths found in an iteration divided by the iteration time. The

algorithm tracks the most recent efficiencies for both 𝐿 → 𝑅 and

𝑅 → 𝐿. At the beginning of each iteration, it chooses the direction

with the higher recorded efficiency: if 𝜂𝐿→𝑅 < 𝜂𝑅→𝐿 , it grows trees

from unmatched 𝑅-side vertices; otherwise, from unmatched 𝐿-side

vertices. We evaluate three search strategies on random graphs:

𝐿 → 𝑅, 𝑅 → 𝐿, and adaptive search, as shown in Table 1. Compared

with searching in only one fixed direction, the adaptive search sub-

stantially reduces the number of path conflicts by up to 7.04x. It

also reduces the average search tree size by up to 3.11x. Selecting

the more effective search direction can lead to a more balanced tree

structure and avoid unnecessarily deep or broad tree growth.

Table 2 quantifies the cumulative benefits of the three proposed

approaches in the single-threaded setting on the three random

graphs. Compared with the basic Hungarian method, phase decou-

pling (PD) reduces the dual phase time by an average of 3.41x and

speeds up the primal phase by up to 1.56x. Based on this phase-

decoupled framework, multi-path batching (MP) further reduces

Table 1: Performance comparison of search strategies
Random Graph Search Method # of Path Conflicts Avg. Tree Size Time (ms)

|𝑉 | = 40,000

|𝐸 | = 1,000,000

𝐿 → 𝑅 21408 238 1173

𝑅 → 𝐿 15085 291 912

Adaptive Search 4490 105 182

|𝑉 | = 60,000

|𝐸 | = 1,800,000

𝐿 → 𝑅 39084 333 3614

𝑅 → 𝐿 35856 305 3197

Adaptive Search 5552 165 475

|𝑉 | = 100,000

|𝐸 | = 2,500,000

𝐿 → 𝑅 21778 427 5568

𝑅 → 𝐿 25593 475 6324

Adaptive Search 6437 153 1231

Table 2: Runtime breakdown of the benefits of phase decou-
pling (PD), multi-path batching (MP), and adaptive search
(AS) in the single-threaded setting on three random graphs

Random Graph Method Primal (ms) Dual (ms) Total (ms)

|𝑉 | = 40,000

|𝐸 | = 1,000,000

Basic Hungarian 2005 2559 4564

PD 1278 784 2062

PD+MP 1139 34 1173

PD+MP+AS 177 5 182

|𝑉 | = 60,000

|𝐸 | = 1,800,000

Basic Hungarian 4635 5656 10291

PD 3865 1754 5619

PD+MP 3539 75 3614

PD+MP+AS 462 13 475

|𝑉 | = 100,000

|𝐸 | = 2,500,000

Basic Hungarian 9973 17827 27800

PD 8035 4777 12812

PD+MP 5404 164 5568

PD+MP+AS 1199 32 1231

the dual phase time by up to 29.1x, since it returns a batch of multi-

ple disjoint augmenting paths per search and performs only one

dual label update for each batch. By adopting adaptive search (AS),

the primal phase time is further reduced by up to 7.66x, leading to

a substantial overall speedup. These show that the three proposed

approaches are highly effective even without parallel execution.

6 PERFORMANCE EVALUATION
6.1 Platform Setting
6.1.1 Baselines. We have implemented X-Wim, a general-purpose

parallel solver for bipartite MWPM on multicore platforms, and

evaluated it against three well-known sequential baselines across

various datasets. OR-Tools [92] is a widely used optimization suite

from Google with high-performance C++ implemented solvers for

weighted matching. Blossom-V [69] is a fast MWPM solver imple-

mented in C++ and serves as a strong classical baseline. LEMON

[35] is a well-recognized, highly efficient C++ library that provides

optimized routines for weighted matching problems. MCFClass [9]

is an efficient C++ solver specialized forminimum cost network flow

problems and serves as a flow-based baseline. The time complexity

of OR-Tools is 𝑂 ( |𝑉 |3), and that of Blossom-V is 𝑂 ( |𝑉 |2 |𝐸 |). Both
LEMON and MCFClass have the time complexity 𝑂 ( |𝑉 | |𝐸 | log |𝑉 |).

6.1.2 Experiment Environment. All experiments are tested on a

server with dual Intel Xeon CPU Max 9470 processors (104 cores

in total) and 512 GB of RAM. All baselines are used in their latest

versions: OR-Tools (v9.14), Blossom V (v2.05), and LEMON (v1.3.1).

All code is compiled with −O3 optimizations using GCC 13.2.0.

6.1.3 Datasets. Both real-world and synthetic datasets are included
in the evaluation. Table 3 summarizes a diverse set of real-world

graphs collected from the SNAP datasets [75] and the Network

9



Repository [96], including collaboration graphs (IMDB, Email, Math-

SciNet), recommendation networks (Yahoo, Epinions), social graphs

(YouTube, Dating), and interaction networks (Twitter, Wikipedia).

These graphs cover different domains and vary widely in vertex

and edge scales, enabling a comprehensive performance study.

Table 3: A summary of real-world graphs
Graph |𝑉 | |𝐸 | Description
Wikipedia [46] 185,848 331,612 Edit network on Wikipedia

Yahoo [96] 273,472 49,907,041 Music recommendation network on Yahoo

Dating [17] 337,584 17,528,006 User rating network on a dating platform

Email [74] 450,818 645,427 Email graph of a European research institution

MathSciNet [91] 622,568 1,131,918 Collaboration graph on MathSciNet

Twitter [33] 846,396 1,156,843 User interaction network on Twitter

Epinions [85] 1,651,320 15,211,614 Product recommendation network on Epinions

IMDB [89] 1,792,604 4,678,762 Actor–movie collaboration graph on IMDB

Youtube [122] 2,268,280 4,121,763 Social network on YouTube

We also generate Erdős–Rényi random graphs [90] and 𝑑-regular

random graphs [15] as synthetic datasets. In an Erdős–Rényi ran-

dom graph, edges are selected independently at random to achieve

a specified edge density. In a 𝑑-regular random graph, each vertex

has exact degree 𝑑 , and the 𝑑 neighbors are assigned randomly

subject to this degree constraint.

6.1.4 Evaluation Method. All graphs are stored in the Compressed

Sparse Row (CSR) format [29], including their edge weights. In each

random graph category, we generate 10 instances for each specified

density (Erdős–Rényi random graphs) or degree (𝑑-regular random

graphs). For real-world graphs without edge weights and synthetic

graphs, we assign a weight to each edge by sampling uniformly at

random from [0, |𝑉 |]. Each data point is averaged over 20 runs.

6.2 Overall Performance
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Figure 11: Performance on real-world datasets (in log scale)

Figure 11 presents the performance of all implementations on

real-world graphs, with runtime shown on a log scale. X-Wim is

evaluated by using 1 core (sequential) to 8 cores. The experiments

show that X-Wim consistently outperforms all baselines across the

datasets. Even when using a single core, X-Wim achieves up to a

9.93x speedup over the state-of-the-art baseline LEMON. Moreover,

the log scale plots indicate that, on several large graphs (e.g., Yahoo,

Dating, and Epinions), X-Wim is faster than OR-Tools, Blossom-V,

and MCFClass by orders of magnitude. These results demonstrate

that the phase-decoupled approach, together with finding multiple

augmenting paths per iteration and the adaptive search strategy,

delivers substantial benefits even without parallel execution.

As the core count increases, X-Wim exhibits steady runtime re-

ductions. Scaling from 1 to 8 cores decreases runtime on all graphs,

yielding a speedup of up to 5.4x.With 8 cores, X-Wim achieves up to

a 53.6x speedup over LEMON, up to a 153x speedup over Blossom-V,

and up to a 110x speedup over MCFClass. The incremental gains

are also stable. Across the three scaling steps (from 1 to 2 cores,

from 2 to 4 cores, and from 4 to 8 cores), the average speedup on

each graph ranges from 1.44x to 1.75x. This trend suggests that

X-Wim effectively exploits parallelism by growing multiple search

trees concurrently and returning a batch of disjoint paths per itera-

tion. Overall, the robust scaling behavior across diverse real-world

graphs indicates that the parallel framework generalizes well and

efficiently leverages multicore execution for practical acceleration.

6.3 Random Graphs with Specific Density
In the evaluation on synthetic datasets, Erdős–Rényi random graphs

are generated using four different densities from sparse to dense,

with vertex count ranging from 200,000 to 800,000. Figure 12 shows

the performance of all implementations on these random graphs.
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Figure 12: Performance on random graphs at specific density
(in log scale), with |𝑉 | ranging from 200,000 to 800,000

When the vertex count and the density increase, the 8-core

X-Wim achieves stronger performance. The maximum speedup

reaches 62.5x and 524x compared to LEMON and OR-Tools, re-

spectively. It also shows that OR-Tools is slower than LEMON in

sparse cases but faster in dense cases, indicating a crossover. In

contrast, X-Wim consistently surpasses all baselines across all den-

sities and graph sizes, and its advantage becomes more pronounced

as the graphs scale. These results highlight X-Wim’s efficiency and

scalability under different graph densities.
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6.4 Random Graphs with Specific Degree
Another part of the synthetic datasets consists of 𝑑-regular random

graphs. Graphs are generated with four degree settings from 4 to 16

and the vertex count is varied from 1,000,000 to 4,000,000. Figure 13

presents the performance of all implementations except Blossom-V,

which is is far slower than OR-Tools.
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Figure 13: Performance on random graphs at specific degree
(in log scale), with |𝑉 | ranging from 1,000,000 to 4,000,000

The results show that X-Wim remains the fastest approach across

all graphs, and its runtime continues to decrease when the core

count increases. With 8 cores, X-Wim is up to 52.4x faster than

LEMON and achieves an average 5.98x speedup compared with its

1-core configuration. OR-Tools is orders of magnitude slower than

both LEMON and X-Wim. Although LEMON performs much better

than OR-Tools, it is still substantially slower than X-Wim even on a

single core. As the vertex count grows, the runtime gaps widen, and

X-Wim’s parallel benefits persist across different degree settings.

6.5 Robustness of Proposed Techniques
We evaluate the effectiveness of the three techniques in X-Wim on

graphs with different structures, as shown in Figure 14. The left

panel shows results on random graphs with 200,000 vertices at four

different densities. We also generate random graphs whose degrees

follow a gamma distribution, with 200,000 vertices and a fixed mean

degree of 8. The right panel considers four such distributions with

shape parameters ranging from 8 to 1. A smaller shape parameter

indicates greater degree variation and thus a more irregular graph.

In the left panel, as graph density increases, the speedups of

phase decoupling and multi-path batching grow from 1.57x to 2.61x

and from 1.85x to 3.65x, respectively, while the benefit of adaptive

search remains stable with an average speedup of 8.8x. In the right

panel, even when the graphs become more irregular, the perfor-

mance gains of all three techniques are fairly consistent.

The results across all experiments indicate that the benefits of the

sequential X-Wim become more pronounced on larger and denser

graphs, since both phase decoupling and multi-path batching can

effectively reduce the cost of dual label updates. As the vertex count

increases, X-Wim achieves better parallel performance because
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Figure 14: Effectiveness of phase decoupling (PD), multi-path
batching (MP), and adaptive search (AS) under different den-
sities and degree skews in random graphs with |V|=200,000

more disjoint augmenting paths can be found concurrently within

a single search iteration, which exposes greater parallelism. In

addition, X-Wim maintains robust benefits even when degree skew

increases and the graph becomes more irregular.

6.6 Memory Footprint
We also compare the peak memory footprints of X-Wim and other

baselines on random graphs with two densities and vertex counts

ranging from 200,000 to 800,000 in Figure 15. All baselines show

similar overall memory usage, while X-Wim uses less memory than

others. The savings become more evident as graph size increases.

Compared with OR-Tools and LEMON, X-Wim reduces the memory

footprint by up to 1.58x and 1.37x, respectively. The additional ac-

cumulated slack array in X-Wim incurs negligible overhead relative

to graph storage. Without maintaining a global set of tight edges,

X-Wim further reduces auxiliary memory usage.
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Figure 15: Memory footprint comparison on random graphs
at specific density with |𝑉 | ranging from 200,000 to 800,000

6.7 Scalability Test
We further conduct a strong scalability study of X-Wim by in-

creasing the number of threads from 1 to 96. Figure 16 reports its

performance on four large random graphs with a degree of 4 and

the vertex count ranges from 7,000,000 to 10,000,000. Both axes are

plotted on a log scale, where the x-axis represents the number of

threads and the y-axis represents the computation time.

The four linear trends in the log–log plot intuitively show the

strong scaling behavior for X-Wim. When the number of threads

doubles, X-Wim achieves an average speedup of 1.64x to 1.76x

across the four graphs, with an overall average of 1.70x; larger

graphs tend to obtain higher gains. Importantly, this is enabled by

the phase-decoupled framework, which eliminates the interleaved

execution of the primal and dual phases and creates opportunities

to find multiple augmenting paths concurrently.
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The experimental server consists of 8 NUMA nodes. We further

evaluate NUMA effects using 48 threads on two random graphs, as

shown in Table 4. Restricting CPU and memory binding to the first

four NUMA nodes yields only limited gains, whereas interleaving

memory across these nodes increases the speedup to 2.08x and 2.14x

over the baseline. This indicates that distributing memory pages

uniformly across NUMA nodes can improve memory bandwidth

utilization, thereby achieving higher performance.

Table 4: Impact of NUMA Binding Policies on Performance
Random Graph # of Threads CPU Policy Memory Policy Time (ms)

|𝑉 | = 7,000,000

|𝐸 | = 28,000,000
48

Default Default 29841

CPU bind 0–3 Default 28081

CPU bind 0–3 Mem bind 0–3 25744

CPU bind 0–3 Interleave 0–3 14316

|𝑉 | = 10,000,000

|𝐸 | = 40,000,000
48

Default Default 54958

CPU bind 0–3 Default 52798

CPU bind 0–3 Mem bind 0–3 49020

CPU bind 0–3 Interleave 0–3 25648

7 RELATEDWORK
Bipartite weighted matching is a fundamental graph problem with

broad applications, including in database systems [13, 18, 53]. The

Hungarian algorithm [71, 88] is the first modern polynomial-time

method for solving bipartite MWPM, building on the earlier work

of Hungarian mathematicians König and Egerváry. Since then, sub-

stantial research [7, 26, 50, 52] has improved its sequential perfor-

mance through better data structures (e.g., heaps) [47, 65, 112] and

specialization to particular settings (e.g., integer-weight instances)

[39, 99, 111]. Some studies [37, 100, 115] also explore machine learn-

ing or approximation approaches to improve runtime efficiency.

The Hungarian algorithm also has an optimized implementation

with time complexity 𝑂 ( |𝑉 |3) that incrementally maintains slack

values for each candidate vertex to avoid repeated computation

of tight edges in each iteration [112]. However, this method still

requires selecting the tight edge with the minimum slack value

for tree expansion, and thus still incurs frequent dual label update

overhead. Moreover, the interleaved data dependencies between

the primal and dual phases persist and hinder parallel execution.

There has been limited research on parallel solutions to the

Hungarian algorithm [6, 11]. Existing parallel efforts [32, 60, 66, 82]

focus on the linear assignment problem, where the input is modeled

as a complete graph. All these methods parallelize computations

only within each phase, and do not address the dependencies in-

duced by the interleaved primal–dual execution, preventing them

from being a practical solution for general bipartite MWPM in-

stances. The most recent work, HyLAC [66], is evaluated in Section

3.1 and only supports graphs with at most 83,000 vertices.

The bipartite MWPM can also be solved using network flow al-

gorithms [41, 45, 70]. A standard approach is to repeatedly find the

shortest path in the residual graph and send additional flow along

that path until the required flow is reached. After each flow augmen-

tation, the residual capacities and reverse edges must be modified,

introducing strong data dependencies. Even when multiple paths

are available, their updates must still be coordinated on the shared

residual network to preserve flow validity, which further constrains

its parallelism. Therefore, this paper focuses on parallelizing the

Hungarian algorithm rather than flow-based methods.

Graph data management systems [8, 30, 34, 51, 54, 55, 72, 78, 110,

114, 120, 132] have been widely studied due to their practical impor-

tance. Advances in graph algorithms [1, 43, 61, 81, 84, 87, 124, 130,

131] directly benefit database systems by enabling faster and more

scalable graph analytics and query processing. However, efficient

graph processing is often difficult due to irregular computation and

data-dependent control flow [44, 63, 67, 103, 105, 133]. Prior works

[5, 20, 23, 24, 62, 94, 107, 116, 123, 126, 129] have addressed a range

of bottlenecks, such as synchronization overhead [22, 101, 125],

load imbalance [19, 104], and memory footprint [21, 102, 119, 121].

MWPM in general graphs is also an active research area with many

algorithmic solutions [38, 40, 48, 49, 93]. Other related topics in-

clude subgraph matching [59, 64, 68, 73, 76, 108, 109], unweighted

matching [4, 42, 117], and maximal independent set [14, 36, 80],

which are distinct from the bipartite MWPM addressed in this paper.

8 CONCLUSION
We have developed X-Wim, a massively parallel framework for solv-

ing MWPM in bipartite graphs, along with its implementation on

multicore processors. Three structural bottlenecks have been iden-

tified from the Hungarian algorithm’s intricate execution pattern:

inherently sequential tree expansion, frequent phase switching, and

the single-path-per-iteration search constraint. These critical issues

impede parallelization, yet have not been systematically addressed.

By breaking the fine-grained data dependencies between the primal

search and the dual label update, we propose a sequential phase-

decoupled Hungarian algorithm that eliminates the interleaved

primal–dual execution and removes repeated phase switching, pro-

viding a crucial basis for parallel computing. Building on this, we

develop a phase-decoupled parallel framework that concurrently

finds multiple disjoint augmenting paths within each iteration, ex-

ploiting massive parallelism. In addition, we introduce an adaptive

search strategy that automatically selects the search direction to

mitigate path conflicts and further enhance performance. These de-

signs also yield substantial performance benefits in the single-core

setting. Extensive experiments demonstrate that X-Wim consis-

tently surpasses existing MWPM solvers. X-Wim, together with

its open-source implementation, provides an efficient and scalable

solution for computing MWPM on large-scale bipartite graphs.
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